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SOME R E S T R A I N T S  ON T H E  E N E R G Y  AND S P E C T R U M  O F  T U R B U I , E N T  F L U I D  

M O T I O N  

A. A. G a l e e v  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  No. ,~, pp.  3 9 - 4 2 ,  1965 

A t h e r m o d y n a m i c a l l y  n o n e q u i l i b r i u m  fluid t ends  to re turn  to its 

s t a b l e  e q u i l i b r i u m  s ta te  o w i n g  to tile d i s s i p a t i o n  and r e d i s t r i b u t i o n  o f  

part of its energy as a result of individual particle collisions, tlowever, 
tf the fluid deviates strongly from the state of thermodynamic equi- 
librium, it is more advantageous for it to go over into a state of ran- 
dom motion, which permits the more rapid liquidation of the non- 
equilibrium condition in the active development of turbulent transfer 
processes exceeding in magnitude the classical processes of molecular 
transfer. Finding the spectrum and energy level of the resulting tur- 
bulent motion is a complex and, in some cases, mathematically im- 
possible task. Therefore it is useful to have at least some restraints on 
their magnitudes, in order to be able to estimate the role of turbulent 
transfer processes in the pattern of evolution of the unstable state of 
the fluid. As these conditions we shall take the conditions of stability 
of the steady turbulent state of the fluid. 

In a c c o r d a n c e  w i t h  i d e a s  of  L. D. L a n d a u  l l  I, t he  

m o t i o n  of a f l u i d  i n  t h e  d e v e l o p e d  t u r b u l e n c e  r e g i m e  

c a n  be  t h o u g h t  of  a s  a c e r t a i n  q u a s i - p e r i o d i c  m o t i o n  

a n d  t he  p h y s i c a l  q u a n t i t i e s  m a y  b e  d e s c r i b e d  in the  

f o r m  of  a s u m  of  p e r i o d i c  f u n c t i o n s  w i t h  d i f f e r e n t  
p e r i o d s . 1  
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( 1 )  

H e r e  CG (x, y, z, t)  i s  t h e  v e c t o r  of s t a t e ,  w h o s e  

c o m p o n e n t s  a r e  p a r a m e t e r s  c h a r a c t e r i z i n g  t h i s  

s t a t e  ( h y d r o d y n a m i c  v e l o c i t y  ~t _ Vx ' p r e s s u r e  r 2 = 

= p,  a n d  s o  on),  c~ l i s  t he  f r e q u e n c y ,  a n d  q>l t h e  p h a s e  
of  t he  i n d i v i d u a l  p e r i o d i c  m o t i o n s .  

F o r  s t e a d y - s t a t e  t u r b u l e n c e ,  t h e  p a r a m e t e r s  

c h a r a c t e r i z i n g  t he  f low d e p e n d  on t i m e ;  t h e r e f o r e  

f o r  s m a l l  d e v i a t i o n s  f r o m  t h i s  s t a t e  t he  c o e f f i c i e n t s  

in  t he  e q u a t i o n s  of  h y d r o d y n a m i c s  wi l l  d e p e n d  on  

t i m e .  T h e s e  e q u a t i o n s  m a y  be  w r i t t e n  in  t he  f o r m  

at= (,,, t) x' H ",~ ( ' ;  * i  ~*'~ (" '  ') (2) 
r) t ~ ,  " " 

H e r e  H c~fl i s  a d i f f e r e n t i a l  o p e r a t o r  d e p e n d i n g  on 

C a .  We s h a l l  a s s u m e  t h a t  t h e  t u r b u l e n c e  i s  u n i f o r m ,  

s o  t h a t  we  c a n  a p p l y  a F o u r i e r  t r a n s f o r m a t i o n  w i t h  

r e s p e c t  to  t h e  c o o r d i n a t e s  a n d  r e d u c e  (2) to  a s y s t e m  

of  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  F o u r i e r  c o m -  

p o n e n t s  5r ~ (t)  

Ot 
( - L k '  

The behavior of the small perturbations i@~ (t) in 

time can be simply described in general form in 

o n l y  two o p p o s i t e  l i m i t i n g  c a s e s ;  1) w h e n  t he  log_  

a r i t h m i c  d e c r e m e n t  of  t he  s m a l l  p e r t u r b a t i o n s  i s  

c o n s i d e r a b l y  g r e a t e r  t h a n  t he  c h a r a c t e r i s t i c  f r e -  

q u e n c i e s  of  t he  t u r b u l e n t  m o t i o n s ;  a n d  2), c o n -  

v e r s e l y ,  w h e n  t he  t u r b u l e n t  b a c k g r o u n d  o s c i l -  

l a t e s  m o r e  r a p i d l y  t h a n  t he  s m a l l  p e r t u r b a t i o n s  a r e  

d a m p e d .  

T h e  s e c o n d  c a s e  i s  e n c o u n t e r e d  in  p r o b l e m s  of s o -  

c a l l e d  w e a k  t u r b u l e n c e .  S i n c e  t he  l a t t e r  p r o b l e m  h a s  

b e e n  s o l v e d  in i t s  m o s t  g e n e r a l  f o r m  ( s e e ,  f o r  e x -  
a m p l e ,  [2]), we s h a l l  c o n f i n e  o u r s e l v e s  to  a d e t a i l e d  

a n a l y s i s  of t he  f i r s t  c a s e ,  w h e n  

I 0 ;Sq~l 
~) l l~q 'L  az >~> 1. 14) 

When (4) is satisfied, we can solve Eq. (3), as- 

t h a t  t h e  c o e f f i c i e n t s  Hl~k fi, a r e  c o n s t a n t  in  s u m i n g  

t i m e .  T h e n  t he  c h a r a c t e r i s t i c  n u m b e r s  X f o r  s o l u -  

t i o n s  of  5 r  in  t h e  f o r m  ~ e  x t  a r e  found  f r o m  t h e  

c h a r a c t e r i s t i c  e q u a t i o n  

]]~,~ ~ x x ~ ~:t," . . . . .  i~ ~ ] = 0 .  (5 )  

W r i t i n g  t h i s  ou t  in  e x p l i c i t  f o r m  

;~'J + al~, ' ' - I  i- a~ },~'-~" -r- �9 �9 �9 + a x  = 0 ( 6 )  

we c a n  a p p l y  t h e  R o u t h - H u r w i t z  c o n d i t i o n s  [3] to  i t  

d i r e c t l y ;  t h e s e  a r e  n e c e s s a r y  a n d  s u f f i c i e n t  f o r  t he  

r e a l  p a r t  of a l l  t h e  c h a r a c t e r i s t i c  n u m b e r s  to  b e  

n e g a t i v e  in  v i r t u e  of t he  a s s u m p t i o n  c o n c e r n i n g  t he  

s t a b i l i t y  of  t h e  t u r b u l e n t  s t a t e .  2 

In t h e  c a s e s  of p r a c t i c a l  i n t e r e s t ,  t h e  c o e f f i c i e n t s  

of  Eq .  (6) a r e  r e a l ,  s o  t h a t  a l l  i t s  r o o t s  a r e  c o n j u g a t e -  

c o m p l e x  in  p a i r s .  A c c o r d i n g l y ,  a l l  i t s  c o e f f i c i e n t s  
m u s t  be  p o s i t i v e  

a~ ~ 0, a~ ~ 0 . . . . .  a n  "> 0. (7) 

S t r o n g e r  c o n s t r a i n t s  on t he  c o e f f i c i e n t s  a r e  i r a -  

p o s e d  by  t h e  R o u t h - H u r w i t z  c o n d i t i o n ,  c o n s i s t i n g  in  

t h e  p o s i t i v e n e s s  of  t he  s e q u e n c e  N of fi~'st p r i n c i p a l  
m i n o r s  of  t he  d e t e r m i n a n t  

I a L  1 (I  0 , . . I 

I h_=_iaa a.a a~ I . . . .  (S) 
I a5 (71 - " " ~ ' I 

i For finite Reynolds numbers the number of degrees 

of freedom of turbulent motion n, represented here by 
motions with n different periods, is also finite. 

2 T h e s e  c o n d i t i o n s  w i l l  b e  a c r i t e r i o n  of  a s y m p t o t i c  
s t a b i l i t y  in  t h e  s e n s e  of  (4), w h i c h  d o e s  no t  t a k e  i n to  
a c c o u n t  p h e n o m e n a  of  t h e  p a r a m e t  t i c  r e s o n a n c e  t y p e .  
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A p a r t  f r o m  i n e q u a l i t i e s  (7) ,  (8), t h e  s u f f i c i e n t  

s i g n  o f  t h e  n o n d e g e n e r a c y  o f  t h e  m a t r i x  I[ H k ~  fl - 

- k 6 k k ,  6a/311, p r o p o s e d  b y  H a d a m a r d  [3], i s  a l s o  

u s e f u l ;  t h e  m a t r i x  w i l l  b e  n o n s i n g u l a r  i f  

I ; ~ - - H ~  I >  ~,' I ~,~, I. 
k',/~ 

H e r e  t h e  p r i m e  a t t a c h e d  to  t h e  s u m m a t i o n  s i g n  

i n d i c a t e s  t h a t  t h e  d i a g o n a l  t e r m  i s  o m i t t e d .  O n  t h e  

o t h e r  h a n d ,  i t  i s  k n o w n  t h a t  i n  d e v e l o p e d  t u r b u l e n c e  

i t  i s  s u f f i c i e n t  t o  i n c r e a s e  t h e  R e y n o l d s  n u m b e r  

o n l y  s l i g h t l y  f o r  a n  a d d i t i o n a l  u n s t a b l e  s o l u t i o n  t o  

a p p e a r  [ q .  T h e r e f o r e ,  t h e r e  i s  a l w a y s  a n  e i g e n v a l u e  

= ~ w i t h  a v e r y  s m a l l  n e g a t i v e  r e a l  p a r t  R e  k_  

0.  T h e n  t h e  a b o v e  H a d a m a r d  c o n d i t i o n  i s  k n o w n  

to  b e  v i o l a t e d ,  i . e . ,  

~ 2 ~ ~,'IH~,I>VIL_12+IH~I > IH~, 1. (9) 
k',/~ 

In the above analysis of the stability of the steady turbulent state 
of a fluid, it was assumed that the energy distribution with respect to 
the Fourier components of the turbulent motion was stationary. In fact, 
this assumption is not aIways justified. Thus, for example,  in the ease 
of Helmholtz instability it is more reasonable to assume a stationary 
distribution of turbulent energy in the form of individual line vortices 
and consider the stability of this stationary distribution [4]. Therefore, 
in each specific case it is necessary to choose the more convenient 
variables for describing the turbulence. 

In conclusion, we note that, as a rule, the conditions of stability 
of the turbulent state give only constraints from below on the ampl i -  
tudes of the pulsations and constraints on the phases of the amplitudes, 
since the rate at which energy is pumped from the unstable modes is 
determined precisely by the value of the latter (for certain assump- 
tions concerning the phases of the amplitudes it is also possible to ob- 
tain constraints on the amplitudes from above). In this sense it would 
be useful to introduce thermodynamic considerations relating to the 
min imum production of entropy [5], which, probably, would give a 
constraint on the amplitudes from above. However, the introduction 
of the concept of entropy always requires the introduction of a certain 
role of averaging in relation to the pattern of developed turbulence, 
which cannot always be done rationally. 

As an illustration of the method described above, we shall consider 
the turbulent convection of an incompressible fluid in the gravitational 
field g. This is described by the equations of continuity, motion, and 
heat  balance [6]: 

V . v = O ,  

~_[ v .  V v = - - V ~ - ~ - g a T ' h + v V ~ v  :~= ) (i0) 

07" 
-ST -i- v" VT' = • -}- '~v' h ( ' 3 = - - ( V T - - V a a T ) ' h ) "  

Here v, p, T, p are the hydrodynamic velocity vector, pressure, 
temperature, and the density of  the medium, respectively, t~ is the 
superadiabatic gradient of the average temperature ,T '  is the temper-  
ature pulsation, v, ~ are the coefficients of viscosity and thermal con- 
ductivity. The pattern of developing turbulent motion will depend on 
two dimensionless parameters: the Prandtt number P and the Reynolds 
number R [7]: 

v g~3d a 
P--~-~I, R-- ~v (2~)4 ~I. (II) 

Assuming that the Prandtl number F is small, we shall consider only 
the limiting case of very high thermal conductivity 

R P < i .  (12) 

The nature of the constraints imposed by the conditions of stability 
cf the turbulent background is quite well illustrated by the example of 
two-dimensional motion in the plane x, y (this is observed, for ex-  
ample, if a strong magnet ic  field H is applied along the z axis). In 
this ease, system (10) is simplified and in the Fourier representation 
assumes the form 

am~ = -- (yk2 ~4k ~ ) ' 

[ k •  

0 1 
8V k = /, [ k x  iz] 151lu " ~ -  81[' k = , ~  akk,8r  , 

k'  

/ kk'  
akk, = i ( n k _ k , . k )  I t - -  k2 ] ,  v = u - ~  6v. (13) 9 

From this we compute the coefficients of the characteristic 
equation (6) 

al = - -  ~ a ~  > 0 ,  a2 = ~ [a~ak, k, - -  %k.ak,kl > O, (14) 
k k::~k' 

tZ 3 ~ - -  ~ [akkak, k, ak,,k,, - -  akkak,k,,ak,, k, AC (/kk,,ak,rk, ak,k] ~> O. (15)  
k ~ k ' ~ k "  

The algorithm for computing the coefficients a4, a~ . . .  is clear 
from (14), (15). The summation in (14), (15) is carried out in the 
space of wave numbers 

from Ikol=-~- to  ]klrnax~.~lR'/'. 
We shall briefly consider the consequences of (14), (15) and con- 

ditions (8), (9). The law of conservation of energy in the steady-state 
turbulent regime 

akk I l l  k I ~ : 0 (16)  
k 

in conjunction with (14) requires that the spectral energy density [ u k [ z 
fall sharply in the direction of the shortwave end of the spectrum (es- 
pecially in the region akk > 0). Condition (14) is identically fulfilled. 
The Hadamard criterion is an estimate from below for the amplitude 
of the longwave pulsations Ukz. Assuming exponential behavior of the 

spectrum 

k f u k p (17)  (,,,, = 

this criterion may be written in the form 

ga[5 d 3 r 

Note that, from the point of view of applications, it is precisely 
2 the est imate of the pulsation energy nl. / 2  from below (18) that is 
r ,  0 

important, since, from above, it is bounded by the work increment 
gc~ATd associated with movement  of a macroscopic volume of di- 
mension Nd through a distance ~d. Assuming that the uncompensated 
temperature drop AT ~ ~Uk0Tk0 (Tk,~t / ~ko2), where rk0 is the dissipation 
t ime for the temperatue gradient due to head conduction, we get [7] 

g:X~ d 3 
1%~ I ~ ~ ~ �9 (19) 

Further, from inequality (15) and the first of  the Reuth-Hurwitz 
conditions (8) ' 

Here d is the characteristic dimension of the convective layer, ala2 - -  a3 ~ 0 
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it follows that minimal constraints are imposed on the phases of the 
three amplitudes a k k , a k , k , , a k , ,  k , if the sum of these products in (15) 
is assumed negative. In this case (15) takes the form 

"~ (vk2 - -  g:L~3 [k• ~ ) ;2 

k 

(u, % r-)' > ,,.  20) 
q'q'-' q 

Here, in accordance with (18), we neglect the first sum in (15) 
and consider that the main contribution to the sum with respect to the 
products of the three amplitudes is made by the  region of wave num- 
bers k>~>ql -: [ k - -  k'l, q2 = ] k ' - -  k"]. This follows from the fact 
that the spectral energy density [u ]q2 is practically equal to zero for 

q - I k I ...... ~ ( g ~  / • '/'. 
Estimating the degree of randomness of the phases of the amplitudes 

with a certain coefficient 

lm ~ (uq.uq,~q)(Uq. .ql )==g ~:~ ' l (uq'Uq,~q)(uq, 'qt) ] ,  
ql, q2 qt, q~ 

we rewrite (20) in the form 

(21) 

ga3~:, [1-i ; J ' a - ' " ) l  
(221 

Note that the result does not contradict the work of E. Hopf [8], 
who shewed that a normal taw of velocity distribution is incompatible 
with the Kolmogorov spectrum and, consequently, ~ ~ 1r for 
m = 5/3. 

We obtain a numerical estimate for ~ by substituting in (22) a 
certain spectral exponent m, using inequality (18) for an estimate of 
] Uk0] �9 Inequality (22) can also be used in another respect. Thus, if 
we assume that the velocity distribution is strongIy correlated, i.e., 

that g ~1, then from (18), (22) we obtain a constraint on the ampli- 
tude from above. Finally, we note that a more detailed investigation 
of conditions (7), (8) would permit the strengthening of the inequali- 
ties (18}, (22). 
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